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by L. & . 8=

1y-2) Y(z-1 2(1-9)

B‘j ,}ﬂ}q(\ﬂ ), |}1 or Jcﬁ'z.'_g-}- [ o]r‘ TﬂU\H"Ip]f&H, weé. ‘j&)_
1 4149 +1dZ

ch sodo =
s Aly-2) +Y(z-1) + Z(iv“l)
gh.f-c‘j,f.fjl
0
& 4dyydz =0 C on  (s0SS WH-;pI,'@;HmQ
Trleqgoding

J LJ'L +dy .Hh) = ¢

1-+Y+2 = ¢ =U1Y, z)
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“q{n daking L L. 1
Aﬂ "3 9 2 Y5 a3 ano-“q_ Ce 45 tm”lp’f&g.

we have Eath 5.0 - —.’;{_f‘_’ -4 JJ 4 4 4 7
_!/ [4- 7) J‘J “2 ~1) _,‘_r_?' 771:9

-1‘-.,‘1 o J’j ("j ( '7 J?

4

Yy ;—;--*l-u.j
.." f"' A -l’ ‘J’ f !I J'I
/] - )

L -l,j J'j f J? }1 =0 ( on (6055 voubly
;.

—gliceton
P }
," fr‘rff;,r,"J "'(J )

X J - fo 14
S(—l.‘al‘%JJJ‘JJ?J?) 401
leq 4 log y 4+ b9z = leqc4

loy]9y2) = fogy 4.

'f‘j? = (2 - ‘J‘('T,"j, ?—)

g e r?_rlya‘Hm 1S (P('u,v):*p

'] ‘ [y
.Tr(_ [L-s’-p'&l‘?. EDHJ'LIf,ﬁ f/{:’

le $(149+72, 1yz) = .
vl He portid diH - egn (Y1) 3 (24DG = A+Y
b A (942)p 4 4D = 4+
Here. P=Y+2 Q= 241 R= 144 .

U)e La;l-mw]f-‘.( ful;;i(]a%»J :"C)ua:Hw\( a0

A . ()j & ﬂl?_ — _-A—"«’ 2 -‘-4--5—-:: 4‘_'2‘_. 1‘
“p T e I " Y42 7 1 14y . W

N
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() (vho mutpliess, we e
\

—d

\f

Tﬂm“ﬂ Each 4action s alto

U:) Tﬂ\y—h\ﬂ 0,1, o mq“‘lp”@ls, we qe)—
_dz
Eadh dsacHon 1s Ao = —AE-::!-—- —’@

D) Taring 41,1 as mu Hplieas, we geb

dady +9Z @y
9(1 +Y+2)

Each dsatHon ic aj.go =

| Foon (0, ® @ ovd @, we geF
| du—dy Ady_dz A xdy+dZ

di dy - dz -
Y+2 - 2+ - A+Y YL 2 2(7 +Y+2)

Taking ah and AN inembess

di-44 _ dy-dz
Y -1 -4

dx -4y _ dy-dz
v i, =

Trlessading both cides, weqel

-4y (47 leae
5 *Y "J y—2 aa,

oy 1] = 1o5]3-2) 186,
'0’3'1"3 J ;,lagcj
y—z2
Qj.—la) = C‘ (3*7-9

Taemg gty ond (;H" wemnbeg s

L 2 (A+y+2)

Trleqpaing botheider, we qeb
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}-ocal @14;9/} i lo‘}lCa("l 9+2)]

L
. :b’*“ﬂ*“?)(‘j'—z’) '

—

Co
The ¢oluton ok the given pa shal & Ldesent al eguaHon

ey, o) =0 e Q‘(%, L‘B—?)?"(1(+‘J+2_)) =0 .
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| Solve (F-y2)p+ (Y2009 = Z-2Y

Sl Given 4ot Ey2)p+ 1 = T — O
| Compate eqn O WwHh. - PPt+8q =P .
|

0o
P iz Q=y-—z1 p — z—1Y -

The  Logganges  Auziliasy equations ase -

| Md__ dy _ d=
| B, i3, . B
;
|

. _ 4 _ A?
e B = o T
wtyz Y=z

& T"‘V—;“j L-1,0 o3 onc Seb ek muthpliess .

Eack wale = da-dy
g (421
_ A1 dy : 1-dy
' B 2 (1Y) (1 ‘0(""“?)
(- . &
. G") "_qr_ir\rj 0, |} o] al ;-\'\r"l' £ e I' .'J:. H*LJHCIP\!CTI
_ T
Fatk zab0 2 a2l
(\M*-23) - (=49
_ dy-dz L e Mget®
: b» Y 4 41 4-2.) (9-2) (4+9+2) @

Faa (L) and @ , we ge}—'
A4y _ dy—2dz
(2-P (1 +9+2) -2 (+ '!‘j-f?)

Ea:'.k 'D'OHO =

| 41— 4y _ dy_d2
| (1) (1+y+2) (Y-2) (2 H-u)

di-dy _ dyda

-—

iy w B 3
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A'I'n\f‘qm"“"] bot heides, vie qed ‘T

Av.o Ay d9.92 | len ¢
g..H { 302, 4 1og ¢

"‘ﬁl't-:j\_ - logly- ) s log ¢

gy l""i-"j:\ ¢ logf

-y - &

[ m) "l'\\f'i\'\q .M 7 Al oA ¢ n} vyl } .1‘!‘ ieg s v "]"’

. dg gudy 4+ 242 asidas 28
Eatk wsaba _:‘ 1 4 Yd4Y ’ : ) _JJ‘:”, j:j.t 747
Al y2) Y[ gy 2 (741l ey

A M 4 Y “‘J ‘*_"’_ Az = - (&)

tl_'\ .es 1)( L Y4 L Y 7 -1 1)

Py oay i - e -‘.'_I_
(M Tavid 1,0 1 g anether seb o rﬂu"l-"fd"f‘{ e 9
f-n:L 'D{"\l'i@ - (\1.{clJ-( g\} o - h}-!fid :A'z’ o )
(ct Lj—;)‘rf‘J zﬁ}‘rf} el /tj-zlf"jj'zl“
—(CY)
oo (1 and (), we 9t
. a4 = 7:) 11 44—4"
Fath b0 = 7314j £ el devsm— ——
(1*\1-« 2o fj+?_ —aY -yz-21) Gy 2t -y Hz-z1
%di '1_55 Aj T % dz- - - A1 .;dhf 4= &
(("“J-sl)('l etz =AY Yz 7 ‘) oyl 42 Yz -2

241 +4dY 1242 (1ry+2) (A +dy d=)

:[n-‘-fc"oniHﬂj 'bcr\'ks':dlﬁ_-l, we 4]&1-—
J'AA'&. + {4y 4 fedz & J(’I—r‘j-rz)@'a &y +d2)

L R (’*"*‘3'_*_75 = &3
a5 T e A& =1 7
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(o D (494D _ o
9

e~~~ |
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1Y Yz +28 = — (g

whot G =G

1Y +Yz +z22 = Lq

The_ Cnvnp\.ﬂ.-}t 501- Ap* given P.puE- ’.’(
¢ [%z Y Yz +212)

Sl poas(ard) 4 sinciry) =2
21 Aiven  Ahad— p cos(14y) + g cin(1y) = 2 — @
Compare.  equedion O with PptBq = P
| mteAL P = so5(11Y) B = sin(2tY) 0= 7 -
‘ The  Lag sanges puailjosy eguations AL

P I
P (28 =

Voo - - = 42 oo [
cos(1+Y) Sin (24Y)

() Faring 1, L0 e a set o ulbiies we ey
il E'—C\Cl'\ ‘{CJHU = _r_l_'i_lf'l‘i —— _ G}
Cos (1 '4,")—! Sin (4 4 L_g)

|
Y rnu\HP‘fEU; we 3e§—-

UD Tarmng 1, -, 0 o avother  set

|
J (I'i- Aj . . @)

Each dabd = B, ol SR
Cos(:—q-\j)-—smfﬂﬂj

Foown @, (@ ad @, we get -

¥ =
os (14Y) Sin(14Y) z Sin (149 + LS (2 1Y) Eo5(11Y) —;ﬁn('l:j_J
|——> Tcuf-frg 3‘“\ ond 4’_‘*\ wembels, we ae}.
42 = d1-+9Y
= C:Djfﬂfﬂj) —+ Sin(1+Y)
] b a4y =k = d1+dy =db -
de, & il
- Cost + Sint
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> Taring

. |
dz. - dt

I B
\ﬁ-— (?%CDSPF{ ﬁﬁﬂv

T e .
= sin %_—Cnﬂ*-f CD%%_S*H[“
Ve 91—2_-_— = dt- T
Sin b+ ;,.)

7 4z - c_osece—»r,‘g—:) k-
- Teegsating  buthsides, we L
oz [de = gtfasec,tt—ﬁ-%) db + o<
(3 log)2) = log-ban  (E+E) + 194
g 12" = log q-;mJJC(b-dl;)
2 , ATanJ:Z;(t—sz“_;)

- - .__l,_]
N ot L (A9 + {E) =, [ & At
Ar'H" and {'H\ wembels ueeje_l-

d -+ dy o A —dy
Cos(1+9) + Sin(1+) cos (1Y) —En(1ty)

Cos (-+Y) — Sin(x+9) (d4+d9) — du-dy
ZSM”P‘J) ~ Sin (1Y) r pME A +Y = b

dy -iAj = A[‘J

Losk — sint o= dyody
Cosk + Sinl™

J‘ﬂ—l{j'ﬁaﬂ"w\j bisthsides w&t_]e.l—'

S M (“f_ Lo gd'lv—gd_‘j -+ lD‘]Cp_
COS}"ASM}'

g | dost-+sint] — legce = A3
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wisei

lagl COSHS‘MFI = sy
(s

Lost —+ (" e = grj

Cs

—

—é‘l"ﬂ) @gsk—-FE'lf‘l”) = C;__
2 e Cmnp\el:e sol. - grven p.p.- 1S

M ek Hﬂ*"‘:) 2'1@'-L—+.;inr))ﬂ :

| B g,)_L ____._._-(D
g g = g1 +Y
sn\.—; Given Hab  [L+ 313)P y (f+39)4
| = £
; + &g - :
Compore.  €9N (O with P } q(%L'T‘jL)L
Here P = £ 4314 o = Wwarry FF s 4
s e ‘:ﬁ\:
rﬂt Lﬁﬂbﬂn‘jeﬁf r’\U)H\ '\.';J "‘.‘;-_,;:;“_ [
A1 N A
P ~ &~ F
e s o ey, &1
s "_"." - 4 _,_j!-)

(1) cheose. 1, vo & o Set

A':-*J‘i
'13_+>1\j .J-"j)a-)'k_j

Each nob0 =

7~

44 +4Y =T

(2+9)
: L pathipliets , we ge)-
|\ choose v A,0 &3 anothel et e mulipliels , «e g

| t - dy

SR <~ +51~j‘:,\45,,3%j
|
| " B
| =
l
|

___——
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() choose A A G, 0 M 3‘“‘ set A— mubipliees, e qeb—
' _.L
Fath sotD = 'L‘A'l + Aj
'fft-z‘ﬂ‘j")'l"l‘ (4> +31 3)
Lk G)
ﬁr(atg’*'r‘j)
20w @,@,@ and@, ““egd: '
4 _ 4y _ 42 _ AMJJ l__ﬂz_.:”i‘h*’g‘}'
NP 2 —rB*ij 27 [y (7(+‘J)3 (x> & ('*L*'f)
— To‘mf\g ;}1 - 4’1‘1\ mombess, we geJ-.

| dawdy a1
' [1-+y) %~y
| Totessading bothsides, weqd™

bl (a2 o
(4+y) ()

1 b (_}
- ﬂstr‘j)g’ '

o (1Y)

_‘5(, - | EH\ mowmbels ,we ﬂﬁ.j"—

—> Taring 3
T ol 1]
2z (2350 (A

| Trkequating pothsides we ge)—
Jil_ sz—:U,lidirergdj} =log e

y =
lag | 2) — A [oa|1]+\caln\j =logCe

leg | 2] — 1n3|13| log &
s — log ¢
lbg | ——| = 03
1|75 N
7. — (o
Ty

] = -

r—__,_..-v—"

i
Tre Cmﬂp\e-l—c o). o given P-D.E s Q(*’\%’—;/ ?,[?r'-‘j)z L('Hj)
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: ;Nm Lineog foatial Dild-esentiol EW_'OM ol Figsh dgdes .~

j A Pagtind dithesonhial  equaion (n whidh e pagbia) Jeglvadives
| l ase w\'Hp\fQol

| P ond q octuy olheg Alan ke Fiash deqeee. on

' tgedhes 1o said 1o be & non lineat paqtiol A
f _ ¢, ¢

o) Pt exdes

ket i) ean.

Ao \U(HM ""___
Cmnplcte Inlcqm_n_l‘ 0® f l_“*_"_‘_ﬂf_l( _i'f_ﬂ_rf. w,J
- bisaty Conskants 15 €%

" ‘,)h‘lk e Number ob

0\3’ incle,po ndent VM‘Q‘?‘QQ

A golubion 1§
| a called (0“"’?'&46‘

“4v He nuwbes

SoluHon ok e gien eﬂ,wdian.

Paglieulan I.'\%cqmg 5

A clubon oblaired by giving patHedes volues bp ke onbitzaty

con ﬂ—nnB i e completes Indeqial 1S called & pasHeday imreqral

Singular. Totegan) | = Lt P(3Y9,2, 0,9 =0 be a pastial Sbbesenbial.
— (s (49,201 =D —Q@ -

| €5 wuation whose Complete in-!—v:ﬂ'aﬁd
D ikresentatng (@ p:qHa\lj Wik a ond b and dhen equade bo Zelo,

we g 9% =0 —@ ad 82 0. ——@"
o b

Eliminading a and b by wing equahans (), @ and @) -
The, eliminant o & ard b s called swgu\ouq, fteqyal
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- Solutions o5 o postiol dikferential equakion i—
| Consides. postial diftesentiol equations o tivst o¥oeL {avolving
— pendenl- vodlobles % and Y ond the dependent vagioble Z - Sutk N
equoltion is ol the oM. (%Y%) pq) =0 — O
Tn this equobion ;. p ond g oy appead Witk Fissk a3 highes poweys o8
i povduck $osms . Th p p‘m\ q oppeat only with
0Cccud NO pwéuclrs amovd thameelves,

obheswise b 1S called a non lincay equ

ad';o/\ i

Corplete Solubion "~

Suppose ¢ (1,Y, z,0,b) =0 —@ ¢ a selabion tzom whith He

- sentidl equm@ ic desived by eliminating the adhbsady constants aand

b. Then (® is called a complobe soluton (l'nl—eqﬁa\) ob equation @ .
ks & Susbaca . AS @ 2
bwd Pa-mmekﬁ,. $amily ok

rd b
Fos given values o a ond b, welation (B wepresen

sz chosen ashitooty, bhis pelabion sepsesents o

Supteces . |
£9.- Elmineding the mibisasy Gnstants & ad b, tle

2 = ('ﬁ*—m)(tjl-kl;) - yieds a 'Pa,qHa\l dikketential equach

Q]a\le

Pa -:qngz—-—-—@
 Tlo zelabion @ is @ conpbbe Solubin dt-He £ psdes PDE

'Pas.rh'cu\o&.. dolubion ~—

uppose. we. give patbiculod valaes ko te. asbitrosy constanks a and b psesent

in the Complebe Soluton  @(1,Y,2,a,h) =0 o equation ¥ (1,9,2,£,4) =0 Theo
$(1,Y,2,a,5) =0 becomes o posticnlar Solubion (inkeqgal) ob equadion
‘ +(1,Y 2,74) =°* This  solubion sepsesents o peibieulos membses ob— the.

| hownily o sustaces given by the cemplele colubion (1,9 2, A/ B =0 .
£9.- 2 = (B4 (54b) i o Complote olubion ob- pg =429z
2D
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W put aZe b=l in Sohiton O, we geb 2= LD
oL a pm.lnm\a& $o\uhm o equabion pq = aAyz . This wepsesenty
L& pa&hcubﬁ_ Surkeco o\r He $omily of Susba C2S g iven by e Compleke i

gouHon Z = Q?L!'-f"t){‘ii-\—'a) -

WG e

: Renesal Solution .-

Suppose. n the compleke Soubion ¢(4,Y, 2,0,
essa) Then @ becomes .

0)
E);ue take b od Frown

FunelHon b0 Soy b = y(a) &3 vice V
¢(1,Y,2 0, Gla) =0 —2) -
Pikt- &) postaly war.bo 'a”, we geb
_3_<_;3_ F —a—%vlfﬂ) = —0"
Suppose we eliminate’a From selabions (&) ard @, i He eliminotion s &
possible. , The webulking welabion, ik jb sabiskies F(14,2,0,4) =0 &8 Cqﬂal

ot
O T A N S T R TR I A T R

a geneia\ ¢olubion (}nl:eﬂ'sa) o5 QCLW}ZTM £+ (n, 9,2 Pf‘?/) =0 -
This solubion -sepresents tle envelope. ol the ore posametes tamily of
Surbaces '6ep-06$enbe3 by ¢(1,Y, 2,0, W(ay) =0 -

G Poit e A T i WS B QT o l‘.'{

Pt ezample - z = btq’-\-a)(‘jiﬂ‘@ xé Complete cdubion ok pq =—4ayz |

——

Suppose. we. take b=a Then Bre  we. gel-
z = Half+a) —@
| Lot () rd-z 0 — @
Dikkesontisting this pattialy, wsb'a’, we g
iyt rea =0
= O = "—..‘.Q-’-('lg"{".fq:) ""’@
Sub @ in @, wegd
| ¢ 2
At L Oty LEY) L 2 =

-
S o e R SR TR SRS &8 i

27
(o 39 44z =0
This is o qemm| ¢olution abr eq},«ach ® .

R
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" Sinqulas Solubion -

£ (1,9 z,m) -o
betm 0(1,4,7, 4, b)"‘ be a Comp\ﬂ,\.-c solubion ok )
—(

DIk we. to.'a’ and b poutially, we gek

%‘Lm, —a%:':t- -,

labiory U ® """d@'
Suppose It 15 possibe ko eliminade & and b b7om 7€

lled He
Thon bhe veswlbng pelalion, ibit cobishies equadion @ . 15 2

the.
1)9\5 eatwd—loﬂo This Solubin 'Jep'ae;enlrs

Singulag  soubion (inkeqee i b

' egen
e-f\velt)pe, ok He bwo- Pammel;-eq, -[yorm]j ofr suskaces veps
He complete solubion . ¢ (7,9,2,4,b) =0 -

i b=t L | e S
-E—j:' Zf(‘xq'-m)(‘il-rlp) iy Complele solubion o pq = 44y o
)
DI 0 wat ‘2 ad b po.ﬂ,Haﬂg, we gel

Yab =0 ) &ra =o-

Sabstibubing 3 @ and b Jwon  these in O, weget

2=  —— @)
This sabiskier equedion @ -
Henco -Hhie s bhe g:h«ﬁu\o.q colubin o equation © .
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I Special bypes oF Non lineatl. equakions o RSt 05 |, -

Stondoad toem 4 .~ -
An eoLuaHon i ol the yo¥m fLra) =o j.e Equabiony INvolving

only

pond 4 and N0 AY, 7

Let the 'bcq'uiat‘r‘ colul-ion be.
2= o1ty re—0

Dikk() w- st % and Y pagHolly, we. gek

o 7. .
-,'5_';' =a qﬂa -3—9— - b

p=Aa and ‘i-'—“lo

sub. Hese. valuwes in #(Pg) =0, *° gk

$(a,b) =0 -
Foir) Has we can obkain b in Feims o a-
Let b= ¢(a).
Tien - bacowes 2= ol playgre ~——&
nd I Hese
This wolabioy Conboin o oabibsasy constants @ and ¢ ard s Hetets
a complete solwHon ol %MHM® ;
TL C 15 a specitied functio) oo, say c=a), Hen @ becomes
7 = a1+ @y + ya) — @
Dikk® w-s.t 'a’ pa&Hal‘j , we get
0= %+ F@Y +y¥a) —@ -
Eliminabing o $o0m (D and @, we geta geneia) Solubion ot eq@m@.
Dikk-® wWr.t a and ¢ pastally, weget

0= a+y(@Yy &
o =) ®
To 9et-tle Shvgulat Solution , we have bo elivinade a and ¢ o Fehtions

®, © andlD .
sine @ 1s abeud , we infres thod- Hete ic no sinjuhﬂ_-ﬁo'“Hm 708 equabin®
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| Solve e equadon 4= ot Also, $ind 1= general SpluHow
'ﬂmwik t(:gﬂl:ﬂfﬁj) +Hee point— (-—l,o,o)-

SO- Given Hhod- q =t —0

Ty s o ke v A-(P2) =D
7 = ol b +C —®)

pMHa.“j we_qe)—

' : fs

ikl @ wst * and
L. —a j& P
o
32 b 1€

—

2B

q b

B
Gb. pond 4 in@, wed B. = 20

0
2 = ai + 3y +C .
o dodd be sodich
I C couhon Containg The polnt- (-1,00), T %
LTy -ty Somhen R S

g we shou
1 =--,9Y<c0,2=0" «\‘Lad’

— alii) +sdy —@

bel:oﬂ'% 7z
DI (8 w-¥+ ‘o poatially we-4e—
—(1+
0 = [+ +6a% =3 Q= by
Sul, o wn® , Weqd )
—f)
_ .,.-('1-+D (14—9 + SL% b,
Z2 ¥ Ty
¢
L, = =ty
1Y

Q- .
(wt) H1Y2z- =0

Thiy s Ao gerenal  solution o dhe gien eq

A ot (-1,00)
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Cgolve  pr+qt= e

Sk s Bk P Enpy —— @
let e vequized solubion be. 7 = ity —®

| DIM © Wbk K and 'Y’ pm&Ha“j, we. ge¥

0 =g =) P04

ok
1z =), = 4cb
Y

Sub. Ahese valuy in @, we ge)

o —nab=0 —®

To 4ind complete inkegpal, we have tD eliminate. any one ol the atkitdsy
!
Constant=

Forn (3. We have ﬁ'rnab-\-& =0 -
Whickh is a q’updec, e,chd'?m in b .

9
& ggfa + J,,L«;LJ — @
Sub. @ n 0, we get

y Mg« [ B o %—[ﬂiJnm-zy}'*'C‘
This 15 the complobe inbeqsal becawse it containg only buwo agbiboaly

conctantt .
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gbﬂV\Am&A ']:‘D'ﬁ'rﬂ 9__ :..-
Equadion oF He Fozm H(z,0,2) =0 fe Equadions c,on‘mmiﬂj 5l
Conly and M 1Y L

M = A+aY .
Ll ws assume et Z ic a Fun cHon o M and

-« P () ond ME it .

) .
pe &= 3o %y 7 du

Az
Dz dz M - & Sh
1= 3y 7 a7y 2

use ob’c\iwﬂj desiNadive 5

M
we ?o.ﬂ.—iaj deginad Nes %‘%— and '33-}-

) wodion
Subct huding Hrese vlues d— pond 4 W He ghven eq

we_ ¢ $(z,_jﬂ 2 ‘;ﬁ)"o

Which s on  o4dinedy Mt erential equadion ok He disst oddes b

ard b can be solved

Finally geplace u= AHAY o ger the Complete coJubon o the

given Mm ,

Noﬁk—lnj fovceduge '——

i’ i_'LSE_j:.t” Ascuwe, z = f) and M = 2+ay ap Head—
g BB
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